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Abstract

The Gauss-Bonnet theorem for an even dimensional, compact, ori-
ented, smooth manifold M says that the integral over M of a representa-
tive of the Euler class of the tangent bundle equals the Euler characteristic
of M. In this paper, we develop a proof of this theorem, while also giving
a brief overview of the concepts that are involved. The main steps of our
proof are given in [1] , as a series of exercises.

1 Introduction

The Gauss-Bonnet is one of the most celebrated theorems in differential geome-
try; there is a whole wealth of formulations and proofs in the literature. A survey
paper on this theorem is [2]. Besides its intrinsic beauty, it motivates incursions
into other interesting areas of geometry/topology, such as index theory or char-
acteristic classes. When examined in the light of the latter, Gauss-Bonnet may
be turned into a statement that belongs to algebraic topology: if one uses sin-
gular (co)homology to define the Euler class, Gauss-Bonnet says that the Euler
class of the tangent bundle of a compact, connected Z—oriented manifold M,
capped with the orientation class w € Hgjpmp (M), gives the Euler characteristic
of M. In this paper we will be using smooth forms and deRham cohomology
instead of singular and hence the Euler class will be defined in the spirit of the
so-called Chern-Weil theory, which directly produces classes in the cohomology
of the manifold from a metric connection on the tangent bundle.

Our approach is to first prove the theorem for the case of spheres by direct
computation; second, an explicit orientation class will be constructed for the
associated sphere bundle of the tangent bundle 7, of M, and further we will
relate this class to the Euler class of 7.

The paper is divided into three main sections. In section 2, we review some
of the concepts we will be dealing with, following [1]; in section 3, we prove the
theorem for spheres and in the last section we go on to proving the general case.

Alternative modern proofs of Gauss-Bonnet include a heat-equation ap-
proach, and the superconnections approach of Mathai-Quillen.



2 Some general concepts

2.1 Connections and curvature on vector bundles

We first introduce the notion of bundle valued differential forms.

Definition Given a vector bundle & — M™, a £-valued p-form on M is a
section of the bundle QP (7, €). The fiber of the latter at € M consists of the
skew-symmetric p-linear maps (7ar)s X ... X (Ta1)e — &

We denote by QF(M, ) the Q°(M)-module of &-valued p-forms. Note that
Q°(M, €) is just the module of smooth sections. Letting Q(M) = > QP (M) and
Q(M, &) =5 QP (M,E), UM,E) is a graded left module over the graded algebra
Q(M), the module multiplication being given by

1
(@AQa(hi - hprg) =~ D € Palhion) - ho) e (hopry) - hapen)

F0ESptg

where ® € QP(M), Q € QU(M, &),z € M, h; € (Tm) -
The Q°(M)-bilinear map (®,s) — ®As, ® € Q(M), s € Sec(€) induces an
isomorphism of graded Q(M) modules: Q(M) ®@qo(ar) Sec(§) = Q(M,¢).

Definition A connection on the real vector bundle £ — M is an R-linear
map v : N0(M, &) — QY(M, €) satisfying the Leibniz rule: s7(fs) = df A s +
fvs, feQ M), s eQ(M,).

A general fact is that any vector bundle admits a connection. Locally, a
connection is specified by a matrix of 1-forms A;; € QY(U), U C M being an
open set over which the bundle trivializes. This implies that there are sections
e1...ex such that e;(p)...ex(p) is a basis of &,; write (e;) =Y A;j Qe

Alternatively, we can think of the connection locally as an element of
QY (Hom(&yu, & u)) written as 7 = Aj; @ e; @ e, where e} are the dual sections
to e;. If the e;’s form an orthonormal frame at each point, then ve; = 4;; ® e;;
in general Vs = A;; ® e;(s)e;.

A connection 7 extends to a map 7 : QP (M, &) — QPFL(M, €), by

VE(Xo... X)) =D (1Y vx, (¥(Xo... Xj... X))+
7j=0

S ()X, X)X XL XL X)

1<j
, U eQP(M,E), X; vector fields on M. Here vx =i(X) o 7 and i(X) denotes
the “interior product” operator, i(X) : QP (M, €) — QP~1(M,€), i(X)s = 0 by
definition, (i(X)Q)z(h1...hp—1) = (X (), h1...hp_1), ¢ € M, hy € (Tm)a,



N e QP(M,€). The extended connection satisfies the relation 7(® A ¥) =
AP AT + (—1)%9%P AT, & € QP (M), T € QP (M, ).

The composition F = 7 oy : Q°(M,£) — Q%(M,€) turns out to be
Q°(M)—linear. Also FV € Homgop)(Q°(M, ), 0% (M, §)) ~
Homa (an) (20(M, ), 9°0(M, €)@ a0 ) Q2 (M) ~ Q0 (M, Hom(€, £)) @0 (3, 22(M)
~ O*(M,Hom(&,€)). The first isomorphism expresses the adjointness of Hom
and ®, the proof of the second, given in [1] is more involved and would lead
us too far astray from the purpose of this paper. The 2-form F'V is called the
curvature of (¢, 5/).

We write F'V locally:
Vov(e) =Y dA;®ei—Y  AAv(e;) = dA;Re;—Y  AAY | Ajoe, =
= Z(dAw ey — (Z Aij A Ajv) ® ev):

J
so FV(e;) = > ,(dA — AN A)j ® e,. The matrix dA — AN A is called the
curvature matrix of the given connection.

In what follows, we explain how the connection 37 on £ induces a connection
on & and £ ® & ~ Hom(¢,§).

We claim that there is a unique connection 7* on £* such that < \7*s*,s >
+ < s*,ys >=d < 5,5 >, s* € Sec(€*), s € Sec(§). Indeed, fixing a
s* € Sec(£*), a simple computation shows that the map Sec(§) — Q!(M) given
by s — d < s%,8 > — < s*,vs > is Q°(M) linear. Hence there is a unique
element v*s* € QY (M, £*), such that < v*s*,s >=d < s*,5 > — < 5%, s >.
The assignment s* — 7*s* defines a connection on £*, which is the only one
satisfying the desired relation. A similar approach shows that given connections
V1, V2 on &1, &2, respectively, there is a unique connection % on & ® & such
that 7(s1 ® s2) = V151 ® s2 + 51 ® Vas2, s; € Sec(&;).

A computation that can be easily carried out by working over local or-
thonormal frames shows that vF V =0, where v is the induced connection on
O*(M,Hom(€,€)). This equality is known as the second Bianchi identity.

Since the difference of two connections on € is an element of Q! (M, Hom/(§, €))
and locally exterior differentiation is a legitimate connection, we can write
v =d+Q, Qe Q(U, Hom(§/y,€&/v)), whre U is an open set is an open
set over which the bundle trivializes. A set of computations that we will not
carry out shows that 7 = d+ Lg locally, where v is the induced connection on
O*(M,Hom(&,€)) and L represents the Lie bracket with respect to (2.

The above considerations show that the second Bianchi identity can be writ-
ten locally as dF'Y = FV AQ — Q A FV. This equality will be used in section
2.3.

2.2 The Pfaffian

The Pfaffian is a homogeneous polynomial of degree n in n(2n—1) real variables,
or alternatively a polynomial in the skew-symmetric 2n x 2n matrices A;;. For



such a matrix A;;, we let w(A) = >3, _; Aije; Aej € A*(R") and define Pf(A)
from the equality w(A) A ... Aw(A) =n!Pf(A)e; Nez...Aeap.

An important relation that the Pfaffian satisfies, proved in [1] and [3] is
Pf(BAB?) = Pf(A)detB (2), where A is a 2n x 2n skew-symmetric matrix
and B is arbitrary. From this, we conclude that the Pfaffian is invariant under
the group SOs,: Pf(B™YAB) = Pf(A), (V)B € SOs,,.

Another important observation is that Pf(A) can be defined as long as
the entries of A are in some commutative algebra A over R. Then (2) still
holds. Indeed, consider the ring R[A;;, B;;] obtained by adjoining commuting
indeterminates A;; and B;; to R. Then Pf(BAB!) and detBPf(A) are still
in R[A;j;, B;j]. (2) tells us that these polynomials have the same values on all

aij,bij € R. Therefore they are equal as polynomials in the indeterminates
Aij, Bij

ij 5
It is straightforward to see, from the definition and the remarks in the pre-
ceding paragraph that the Pfaffian of commuting variables X;;,1 <14 < j <2n
can also be written:
1 n
ol Z 6(0) H Xa'(2v—1)a(2v) .

!
n.
TES2,,0(2v—1)<0o(2v) v=1

Here €(0) is the signature of o.

Furthermore, by letting X;; = €; A €j,4 < j, where €; ... €, is the standard
basis of Alt'(R?"), we get that

Pf(eiNej) =1%3%5...2n — 1)er A... A €.

(There are (%) (*%2) ... (3) = &2t above and we are dividing
by n!; €(o) gets multiplied by 1tself so it cancels.) We will use this formula in
our proof of the theorem for even-spheres.

2.3 The Euler Class

The notion of inner product (metric) on an arbitrary vector bundle is a natural
generalization of the Riemannian metric.

Definition For a bundle £ — M, a connection v on (£, <,>) is said to be
metric if d < s1, 82 >=< sy, 82 > + < s1, Vs > for any two sections.

In what follows, we will be considering a vector bundle £ — M of fibre dimen-
sion 2k. Let ey ...eq € QU(£/U), for some open set U, such that e (p) . . . eax(p)
forms an orthonormal basis of &, for all p. Let A;; be the connection matrix of
1-forms, for some metric connection on &. Since < e;, e > is constant, we get:

0=< > Ajj@ejep >+ <e,» Ay @ej >=



= ZAU <ej,ex > +2Akj < e, e >= A + Api
J j
so A;j is skew-symmetric.
The curvature matrix of 2-forms with respect to the orthonormal frame e will
be given locally by a 2k x 2k matrix with entries in Q?(U): FV(e) = dA—AAA.

Since A is skew-symmetric, we see that the same happens for F'V(e), hence by
the discussion in 2.2, we can take Pf(FV (e)) € Q2*(U).

In another orthonormal frame €' over U, FV(e'), = B,FV(e)B, ", where
B, is the orthogonal transition matrix between e(p) and e'(p).

If we assume further that the vector bundle £ is oriented, one of the various
(equivalent) notions of orientation says that the structure group can be taken
to be SOsy,. If e(p) and €'(p) are oriented orthonormal bases for &,,p € U, B, €
SOy, from section 2.2 we get Pf(FV(e)) = Pf(FV(e')), so Pf(FV) becomes
a well-defined 2k—form on M.

A nontrivial fact about this form is that it is closed. To prove closedness, we
recall the local form of Bianchi’s second identity: dF'Y = FVAQ—-QAFV. We
denote by Pf’ the (antisymmetric) matrix of partial derivatives of the Pfaffian.
Then dPf(FV) = Trace(Pf'(FV)! AdFV).

For any antisymmetric matrix B, Pf'(B)t - B = B - Pf'(B). Indeed, by
differentiating the identity (PfB)? = detB, we get 2Pf(B) - Pf'B = det'B.
Transposing, we get 2P f(B) - Pf'(B)! = det' Bt = B*, the adjoint matrix of B.
Multiplying by B, we get PfB - Pf'(B)-B = PfB- B - Pf'(B). It follows
that Pf'(B)t - B= B - Pf'(B)!, when B is nonsingular; a continuity argument
shows that the above identity always holds.

In particular Pf/(FV){AFY = FV APf/(FV)L.

Hence dPf(FV) = Trace(Pf'(FVYIAFVAQ—Pf'(FV)!AQAFV)

Trace(FV A [Pf/(FV)EAQ] — [P (FV)EAQAFY) = 0.

Another crucial property of Pf(FV) is summarized in the following theorem,
proved in [1]:

Theorem 1 The cohomology class determined by Pf(FV) is independent of
the choice of metric on ¢ and of the compatible metric connection.

Finally, we define the Euler class:

Definition The Euler class of the oriented, real, 2k—dimensional vector bun-
dle ¢ is the cohomology class e(§) = [Pf(_Fv )] € H**(M).

27

3 Gauss-Bonnet for spheres

In this section we are going to prove the Gauss-Bonnet theorem, [ uPf ( _;:r - ) =

x(M?"), M even-dimensional, compact, oriented, smooth manifold, for the case



when M is a sphere S$?", endowed with the standard euclidian metric and the
Levi-Civita connection. In this case x(S*") = 2. The result will follow from the
following 4 Lemmas:

Lemma 1 Any sphere S® C R*!, n > 2, with the induced euclidian metric,
has constant sectional curvature equal to 1

Proof Tl add this later, hopefully smth that is not computations with Christof-
fel symbols in the stereographic charts.

Lemma 2 If sec(m) = k for all 2-planes in T, M, then R(vi,v2)vs = k(<
U2,V3 > v — < V1,V3 > U2),Yv1,v2,v3 € Tp M.
Proof Introduce the multilinear maps:

Ry (v1,v2)v3 = k(< va,v3 > v1— < v1,U3 > V)

Ry (v1,v2,v3,v4) = k(< 02,03 ><wp,v4 > — < wyp,v3 >< 2,04 >).

Then one can see that Ry (v1,vs,vs,vs) satisfies the same symmetry relations
as R(X,Y,Z, W) =< R(X,Y)Z,W >, namely:

R(X,Y,Z,W)Z—R(Y,X,Z,W)ZR(Y,X,W,Z) (1)
R(X,Y,Z,W) = R(Z,W,X,Y) (2)
R(X,Y)Z + R(Z,X)Y + R(Y, Z)X =0 (3)

Then T'(v1,v2,vs3,v4) = R(v1,v2,v3,04) — R (v1,v2,v3,v4) is a tensor satisfy-
ing the same symmetries and sec(r) = k,Vr € Tp,M implies T (v, w,w,v) =
0,Vv,w € T,M.

For w = wy + ws, we get:
0 =T(v,wy +wz,w1 +wz,v) =T (v,w1,ws,v) + T'(v,w2,w;,v) =

= 2T (v, w1, ws,v) = —2T (v, w1, v, w2).

Properties (1) and (2) will then imply that T is alternating in all 4 variables,
and then by (3), T =0, q.e.d.

One can also obtain the desired equality by using the identity that shows how
the sectional curvatures determine the whole curvature tensor. This approach
is used in [7].

Lemma 3 Given a smooth manifold M™, let ey ... e, be an orthonormal frame
on some open U. Let §° be the dual coframe of 1-forms. Then the curvature
matrix of 2-forms is given locally by Q;; = —1/2 Zk,l R;klﬁkA0l, where Rj—kl =<
R(er,e)ej, e; > .



Proof We will be using a standard summation convention, namely when an
index appears on one side of an expression and does not appear on the other,
we are summing after it. Let Ve, = wi; ® €5, [es,e;] = cfje,,. Then

_ _ Ic i
Vet = wij(er)e; =< wij, 0" > e; =Y e;.

Also ng = —I“; &> Since w;; is skew-symmetric. To prove the claimed equality, it
suffices to check that both sides, when evaluated on pairs of vector fields (e, e;),
give the same result.

Riyei = R(er,€1)ej = Ve, Ve, €5 — Ve Ve, €5 = View.el]€ =
Ver(jies) = Ve (Tjpes) = Veg e € =
[ Ve €s +ex(D])es — T Ve, s — el )es — ¢y Ve, €5 =
F;lfiket - F;kfilet +er(I'5)es —e(I'fy)es — cle‘;Set.

Evaluating the right side on vector fields, we have —3 3=, | Ri,, 0 A6l (es,e;) =
—1 (R —RYy,) = — 3Rl = —5 (D40, — D50 +es (D% —ee(D4,) =iy 15,) (%)
The next step is to compute €2;;(es, e;). We have:

dw;; = dT%, A 0% + T, do" = e, (17,)0' A 6 + T, do* =

1 ; 1 ; 1
dwij(es,et) = §€s(rgt) - iet(rgs) - §F§k9k([€s:€t])
Loy Y iy Lri ok
dwij(es,et) = §€s(rit) - §€t(ris) LY L))
The last term in the last but one expression was obtained from the formula
2(dw)(X1, Xz) = Xi(w(X2)) — Xo(w(X1)) — w([Xy1, Xo]).

Finally, —wiy Awyj(es,e:) = %(Fj Ly, —rer’ ). From this, and the relations

vsT it is™ vt
(x) and (¥*), the conclusion follows, keeping in mind that T, = —T%,.
Lemma 4 The volume of $?" is given by Vol(S*") = %

Proof Define an (n — 1)-form wy € Q"1 (R") by

Woz (W1 ... wn_1) = det(z,w; ... w,_1) € Alt""H(R"),

~

for z € R™. Since woz(e1...€;...e,) = (=1)"1a;, we have

n
Wo = Z(—l)i_lxidﬂ?1 VANAN d.;!t VANAN dl‘n
i=1

If 2 € S ! and w; ... w,_, is a basis of T,S™ !, then z,w; ...w,_1 becomes
a basis for R™ and the first formula in this proof shows that wp, # 0. Hence



Wy sn-1 is an orientation form on S™~L. For the orientation of S®~! given by
wo, the basis wy ... w,_1 of T,,S"! is positively oriented if and only if the basis
T, W1 ... Wnp_1 for R™is positively oriented. Hence S™~! with the induced metric
has volume form wg/gn-1.

Now the volume of S™~! can be calculated by applying Stokes’ theorem to
D™ with the standard orientation of R™ and the (n — 1)-form wg on R™. Since
dwo = ndxy A ... Adzx,, we have that

Vol(S"™1) = / wo = dwy = nVol(D").
Snfl D‘n.

The latter is just computing an iterated integral, and turns out to be Vol(D?*" 1) =

22n+l oy pn

eTESHE This yields the desired expression for the volume of the sphere.

From Lemma 1 and Lemma 2, we deduce Rj-kl = 01j0k; — Ok;01i- The only
cases when Rj-kl is not zero are | = j,k = i,i # j and k = j,] = z,z ;é j- It
follows from Lemma 3 that the curvature matrix is locally Q;; = —0* A 7. The
last formula from section 2.2, combined with Lemma 4 and the observation that
x(S8?") = 2, show the validity of Gauss-Bonnet for even spheres.

4 The General Case

4.1 Various Notions of Orientation

The sphere bundle of a smooth manifold (M™,g) is defined as follows: take
the direct sum between 7, and the trivial line bundle over M; this new vector
bundle has a metric induced by g; the unit spheres in its fibers will be the
fibers of a S™—bundle over M, the associated sphere bundle, which we denote
by S(ma @ 1). We make the convention that the zero section in this bundle is
so(p) = (0,—1) and the section at infinity, so(p) = (0, 1).

Our aim in what follows is to establish the following implication:

M oriented => 1\ oriented = S(7y @ 1) oriented.

By 7 being oriented we mean that all transition maps have positive deter-
minant. This is the same as requiring 737 to have structure group SO,,, keeping
in mind that the structure group of any real vector bundle can be reduced to
Oy,. Furthermore, a sphere bundle S — E — M is defined to be orientable if
there is a class [w] € H™(E), which generates the n-th cohomology of the fiber,
when restricted to it.

The first implication is just a matter of checking definitions. Choose a
trivializing atlas (U,, ¢o) on M such that the determinants of the jacobians
of the transition maps are positive. A diffeomorphism between 7= (U,) and



Ua x R™ is given by (p,vp) Yo, (¢a(p), f1,.-., fn), where f; are the com-
ponents of v, with respect to the standard coordinate vector fields. Then

Yooyt
(UyNUs) x R* % (U, NUp) x R will be given fiberwise by the jaco-

bian of ¢a¢§1: wawﬁ_l(p,v) = (p, J(¢a¢§1)|¢,ﬁ(p)), which is positive by the
assumption that M is oriented.

The proof of the second implication is more involved . We will follow ideas
from [4], rather then the “induction on open sets” argument given in [1].

Since the transition maps of 73, assume values in SO,,, those of 73y ® 1 are
in SO,,+1. We first prove that it is possible to find a cover of the total space
E of the associated sphere bundle and classes [oy] € H"(E/y) that restrict to
generators of H"(F,) for z € U and for all U in the cover.

Fix a generator o of H"(S™) and a trivialization of E so that the transition
maps gog take values in SO, 1. Let py : Uy xS™ — S™ be the projection and let
7~ () be a fiber of S(rpr®1). Define [04] € H"(E/y) by [0a] = @4 pa*[0], P :
=Y (U,) = Uy x S™. Write [0a]/x and @, /x for the restrictions [0a]/, -1,
and @4 /r-1(,), respectively.

Then for # € Uq, [0a]/x = (®a/x)*[0]. The fact that the above defined
classes agree on intersections is equivalent to saying:

[0] = (25,x)") "1 (®a/x)*[0] = (a/x © B3, x) [0] = gas(@)*[0], € Ua N Us.

The latter is true since g := gos(x) is an orientation preserving diffeomorphism
of ™, 50 [q. g*[0] = fg(S")[U] = [sulo] = 1.

To show that the [04]'s patch to define a global class, we have to introduce
more machinery. The proofs of the results we are going to state and use can be
found in [4].

Given a countable open cover (U,) of a manifold M, the chain with coethi-
cients in the sheaf of smooth p-forms is the following chain:

0— (M) 5 J[rWo) > T Won ) & [[QPWenUiNTs) — ...

An element of [JQP(Uy N ... N Uy) is specified by a p-form on each k-
intersection. (On intersections with a repeated index, we consider the 0-form;
if the index sets differ by a permutation, the forms assigned to them differ by
the sign of that permutation.) The first differential, r, is just restriction. The

differential of an element w € [[QP(U;, N...NU;,) with “components” w;, .,
. +1 ;
is given by (6w)j,...j,41 = Z?:o (_1)ij1...ji...jq+1'

It is immediate to check % = 0, so the §-cohomology of the above complex
is defined. A first nontrivial result is that the cohomology groups vanish in all
dimensions.

We wish to relate the deRham groups of M to the cohomology groups of a
double complex which we define in what follows. Let K?? = [[Q%(UpN...N
Up). Keeping the first (second) index fixed, we get a chain with differential



d(6). Denoting K" =3 . _ KP K" is a chain complex (the “Cech-deRham
complex”) with differential D = § + (—1)Pd. Note that K*? is an augmented
complex (by the group Q%(M)). The main result we will use to prove the
existence of a global orientation class is the following theorem:

Theorem 2 The double complex K computes the deRham cohomology of
M, more precisely the restriction map r : * — K* is a chain map inducing
an isomorphism in cohomology. More generally, if all the rows (columns) of
an augmented complex are exact, then its cohomology is isomorphic to the
cohomology of the initial column (row).

We finally proceed to prove the existence of a global orientation class on E,
the total space of S(7ar ®1). We will use the fact that any (compact) manifold
has a (finite) good cover, that is, a cover such that all nonempty intersections
are contractible. In fact, it is true that any open cover has a refinement which
is a good cover. This, together with the observation that (U,) good cover of M
implies 7 1(U,) good cover of E, implies that we can choose local orientation
classes [0,] € H"(E/y,). By abuse of notation, we will write Q" (U, N Up)
instead of Q"(E/ (v, nug)-

The 0,’s define an element ¢%" in []Q2"*(U,). By the theorem, to prove
that [o,] patch to define a global class, it suffices to show that o”" extends to
a D—cocycle in K™,

At this step, it is useful to have in mind the following picture:

0— QM) S [[Q%(Uy) 30" e

Td
: [1Q"YU, NUz) 20+t .
T —d
Td :
0— QM) 5 [19(U,) N S
Td T —d T (=1)"d
0— QO(M) 5 [1Q°(U,) 2 (1L NUs) ... [[Ua, N
NUqpyy) 2 0™° N
To extend 0% to a D—cocycle is to find elements """ 71, ..., 0™°, belonging
to the groups specified in the picture, such that:
50" = dgt L gt = —de?n 2 L oM = (—1)n_1don’0 §o™0 = (.

All but the last of the above equalities are trivially satisfied, since the
columns in the picture are exact, by our choice of good covers. Thus D(o%™ +
ol 4+ 0™0) = 60™0. Also d(§0™°) = §(do™?) = £5(do™ 1) = 0 and
this implies 60™° = 0 by injectivity of the first vertical differential.

10



4.2 The vertical bundle and another correspondence be-
tween orientations

Lemma 5 Let £ = (E,n, B, F) be a vector bundle. If there is a nowhere
vanishing section A €Sec(A"E*), (€* is the dual bundle) then the vector bundle
is orientable.

Proof If such a section exists, then A(z) orients F, in the sense of linear
algebra, i.e. specifies whether a basis is positive or negative. Let (Uy, %) be a
trivialization, 1, : Uy x F' = 771 (Uy), with U, connected. Fix an orientation
of F. The connectedness assumption implies that, for each «, the linear maps
Va,e + F' = Fy,x € U, either all preserve, or all reverse orientations. Let p be
an orientation reversing isomorphism of F'. Define a new trivialization (Uy, ¢n)
by:

bou(,v) = Yo (z,v) iftho o preserves orientations
T el p(v)) ity greverses orientations

Then each ¢, , preserves orientations. Hence so does qﬁg}woqﬁg,w, ie. det(¢;71wo
¢p,z) > 0.
The converse is also true, but we will only need the implication we proved.

We now proceed to define the vertical bundle. Given a smooth fiber bundle
F — E 5 B and a point z € E, the vertical subspace of T, (E) is defined to be
V.(E) := ker(dm),. Surjectivity of (dr), implies dimV, (E) =dimE—dimB =dimF.
For a € B,z € F,,V.(E) = im(dj,)., where j, : F, — E is the standard inclu-
sion. Indeed, 7 o j, is constant, hence dr o dj, = 0 and this implies im(dj,), C
V.(E). Injectivity of (dj,), implies dim(im(dj,),) =dimF =dimV,(E) and
hence the equality.

The vertical subbundle is defined to be Vg := U.cgV,(E). It is a subbundle
of 7. This follows easily by choosing a trivialization (Uy, %) and considering
diagram (2), as a restriction of diagram (1).

UsxF 25 771U

Uy X TF i) VE/ﬂfl(Ua)
+ + (2)
Us x F 225 771U
The equality V,(E) = im(dj,), implies that the derivative dj, : 7/, = T8
can be considered as a bundle map dj, : 7r, = Vg inducing linear isomorphisms
on the fibres.
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We now return to the setting of the previous section. Denoting by S(7as @ 1)
and Vg the total space of the sphere bundle of M™ and the vertical subbun-
dle, respectively, we wish to construct a map Vg — 7j making the diagram

VE ﬂ) T™M
m J ™ commutative and inducing linear isomorphisms on the
Stryel) & M
fibres.

Let F, ~ S™ be a fiber of the sphere bundle of M,z € M. For z € F,, we
know that (dj; )7 : Vo(E) — T,(F}) is a linear isomorphism. The map (7as), —
F, given by the inverse of stereographic projection has injective derivative and
equality of dimensions shows that it induces a linear isomorphism of tangent
spaces. Identifying (757), with its tangent space and composing these three
maps, gives the desired linear isomorphism.

We will need the map «a for the proofs in the next section.

We conclude this section by showing that the orientation class of E, the total
space of S(ra @ 1), induces an orientation of V.

Note that there is amap py : Q" (E) — Sec(A"V}) given by py ®,(&1 ... &) =
®.(&...¢,),2 € E & € V.(E). We can regard A(dj, ).,z = 7wz as an iso-
morphism o, : AT (F,) — A"(V.(E)). Then for ¥ € Q"(E),o(py¥.) =
(j2W),,z € E,x = wz. If in addition ¥ orients the sphere bundle, (j2%), # 0,
for every z € F,,,x € M. Hence (py¥), #0,z € E. By Lemma 5, we get that
the vector bundle Vi — E is orientable.

4.3 An Explicit Orientation Class and its Relation to the
Euler Class

The considerations in the previous section show that we can consider the follow-
ing closed n-form on E: u = %[Pf(—g—:) - W*s;on(—%)], where E — M,
and F'V is the curvature of some metric connection on E.

We will prove in this section that u is an orientation class and s(u) is the
Euler class of ;.

We first show that given a vector bundle E —— B with a Riemannian metric

E % E

g and a compatible metric connection @, a commutative diagram m | I

B ¥ B

with ¢ restricting to linear isomorphisms on the fibers, we can pull back § and

% to g and s/, respectively. Moreover, v/ is compatible with the metric g and
the connection matrix of 1-forms for 37 is obtained by pullback under .

Note that there is a map ¢* : Sec(E) — Sec(E) given by (¢*(3))(x) =
;' [s(¥(x))],x € B. This extends to a map ¢* : Q?(B,E) — QP(B, E)
by: (¢*Q).(X1...Xp) = wgl[ﬂq,(x)((d\Il)Xl .. (d¥)X,)]. Fora € Q*(B), b €
O (B, E), ¢*(aANb) = ¥*a A p*b. Given a connection 37 on E, ¢ will be called
connection-preserving if 7p* = @*%. We now prove:
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E % E
Lemma 6 Given a commutative diagram 7 | 17 with ¢ restricting
B v B
to linear isomorphisms on the fibers, to any connection 57 on E corresponds a
unique connection 7 on E, such that ¢ is connection preserving. (This is, by
definition, the pullback of 5/.)

Proof There is an isomorphism (B) ®qoz, Sec(E) ~ Q(B,E) given by
®®s — ®Ap"s. (It can be obtained by using Q(B) ®qo(p) Sec(E) ~ Q(B, E)
and Q(B) ®qo(p, Sec(E) ~ Sec(E); the latter is given by f ® s < f(p*s)
and in particular shows that Sec(E) is generated by sections of the form ¢*s,

s € Sec((E)), so it suffices to know how 57 acts on these sections.)

To construct 57, define an R-bilinear map: [ : Q°(B) x Sec((E)) —

QN(B,E) by N
B(f,0) =df Ng™o + [ - (Vo).

Then B(f - §,0) = B(f,§-0), § € Q°(B), where the dots denote the Q°(B)-
module multiplication, hence § descends to an R-linear map 7 : Q(B) Rao()
Sec(E) — Q'(B, E); identifying Q(B) Rqo(5) Sec(E) with Sec(E), we get the
desired connection.

We now check that sy preserves the pullback metric g. Note that with
this metric ¢ induces an isometry on the fibres. By the remarks in the proof
of Lemma 6, it suffices to check metric-compatibility for sections that are

pullbacks of sections of E 4 B. We have:
~ ) sincepisometry

9(VP*$1, ") +9(Vp* s, 0*$1) = g9 Vs1, 9" 52)+g(9* Vs, 0751

G(V51,8) + §(V, 1) = dj(s1, ) ""ITETNY dg(p* 51, 0" ).

Last, we note that the connection matrix of 1-forms for 3/ is obtained by
pullback under . It suffices to note that if s; are local trivializing sections , then
so are ¢*s; and if \75; = ) wij®§; then V¢*s; = ¢* (D Wi ®s;) = ¥*wij@p*s;.

The preceding paragraph implies that the curvature matrix for 17 is obtained
from that of 7 by pullback under ¥; if in addition the bundles are oriented ,
this implies U*Pf(FV) = Pf(FV).

We apply the considerations sofar to conclude that u is an orientation class.

dja
TSn L) VE
In the commutative diagram | 1, dj, induces linear isomorphisms
sn & E
on the fibres, hence for an arbitrary metric and compatible metric connection
on Vg — E, %fsn j;Pf(—%) = 1, by the proof for the case of spheres. To

show that fS" j;w*s;on(—g—:) = 0, we note that jizn* is the zero map in
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cohomology , so it maps any form to a closed form. The conclusion follows by
Stokes’ theorem.

Finally, we conclude that s§(u) represents the Euler class of 75,. We use
Vi Y
the commutative diagram wl J ™ from section 4.2. Given a
Sryel) = M
connection v/ on 7y — M, we have W*Pf(—%) = Pf(- a v)) hence
Pf(-47) = sPF(-E570).
s(u) = 35— se)PIEGT) OTET PR EET) = PR(-4T),
q.e.d.

4.4 Final Step of the Proof: [, si(u) = x(M)

Let M be any compact oriented manifold. Let {w;} be a basis of H*(M) and
{7;} the dual basis under Poincaré duality, i.e., [,, w; A 7j = 0;;. Denote by
and p the projections of M x M onto the first and second factor, respectively.
By the Kinneth isomorphism, H*(M x M) = H*(M) ® H*(M), a basis of
the former being given by {m*w; A p*7;}. Let na = > ¢;jm*w; A p*7; be the
Poincaré dual of the diagonal A in M x M. We recall that given an oriented
manifold M™ and a compact oriented submanifold S*, the Poincaré dual of S is
the unique class [ns] € H? 7% (M) such that [qi*w = [,, w Ang, for any closed
form w € QF(M).

We prove the following lemma:
Lemma 7 na = Y (—1)%9ir*w; A p*rj and [, na = x(M).

Proof We compute |, A T T Ap*wy in two ways. On one hand we can pull back
this integral back to M via the diagonal mapi: M — A C M x M:

/ T A\ prwy = / T NS p W = / T Awy = (—1)(de9me)(degn) 5,
A M M
On the other hand, by the definition of the Poincaré dual of a submanifold,

/ T T AP Wy :/ T T AP W ANA = Zc”/ T TR AP W AT Wi Ap* T
A MxM MxM

= Z cij( 1)(degri-+deguwr) (degw:) T (WiATR) p* (WiAT)) = (—1)(degmetdegun)degu .,
MxM

0 itk #1
Hence ¢y = { (—1)degwr  iff i l

14



[ o= n [atwnpn = S [ inteain =
A

i A i M

D o (—1)dese / wiNTi =Y (=1)%9%0 =3 "(=1)1dimH (M) = x(M), q.e.d.
i M i q
A result we will use without proof is the following lemma, a particular case
of the integration across the fiber homomorphism.

Lemma 8 Let E — M™ be an oriented fiber bundle with compact fibers over
an oriented manifold. Let u be an orientation class. Then [, w = [, 7*w A u,
for any w € QF(M). Here E carries the canonical orientation induced by an
oriented trivializing atlas of M.

In our context, if w = sG7, then [}, w = [ 7= [p7"s{T Au. But spom
is homotopic to idg, since the fibers, being even spheres, are simply-connected.

Hence [, n*s;T Au = [, 7 Au and the Poincaré dual of the zero section can be
represented by the orientation class.

The map (p,v) N (p, exppv) induces an orientation preserving diffeomor-
phism of an open neighborhood O of the zero section in E onto an open neigh-
borhood D of the diagonal A in M x M. Here exp denotes the exponential
map and v is obtained from an element in the fiber at p by omitting the last
coordinate. It is straightforward to check that the integral of the Poincaré dual
of so(M) in O over so(M) equals the integral of the Poincaré dual of A in D
over A. The localization principle (the support of the Poincaré dual of a com-
pact oriented submanifold S may be shrunk into any open neighborhood of 5),
together with the earlier considerations gives:

o P.D.g(so(M)) Z/SO(M)UZ/M so(u).

With these, the proof of the Gauss-Bonnet theorem is complete.

X0 = [ PO = |
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