
On the general Gauss-Bonnet theoremIrina GoiaFebruary 21, 2002Abstra
tThe Gauss-Bonnet theorem for an even dimensional, 
ompa
t, ori-ented, smooth manifold M says that the integral over M of a representa-tive of the Euler 
lass of the tangent bundle equals the Euler 
hara
teristi
of M . In this paper, we develop a proof of this theorem, while also givinga brief overview of the 
on
epts that are involved. The main steps of ourproof are given in [1℄ , as a series of exer
ises.1 Introdu
tionThe Gauss-Bonnet is one of the most 
elebrated theorems in di�erential geome-try; there is a whole wealth of formulations and proofs in the literature. A surveypaper on this theorem is [2℄. Besides its intrinsi
 beauty, it motivates in
ursionsinto other interesting areas of geometry/topology, su
h as index theory or 
har-a
teristi
 
lasses. When examined in the light of the latter, Gauss-Bonnet maybe turned into a statement that belongs to algebrai
 topology: if one uses sin-gular (
o)homology to de�ne the Euler 
lass, Gauss-Bonnet says that the Euler
lass of the tangent bundle of a 
ompa
t, 
onne
ted Z�oriented manifold M ,
apped with the orientation 
lass ! 2 HdimM (M), gives the Euler 
hara
teristi
of M . In this paper we will be using smooth forms and deRham 
ohomologyinstead of singular and hen
e the Euler 
lass will be de�ned in the spirit of theso-
alled Chern-Weil theory, whi
h dire
tly produ
es 
lasses in the 
ohomologyof the manifold from a metri
 
onne
tion on the tangent bundle.Our approa
h is to �rst prove the theorem for the 
ase of spheres by dire
t
omputation; se
ond, an expli
it orientation 
lass will be 
onstru
ted for theasso
iated sphere bundle of the tangent bundle �M of M , and further we willrelate this 
lass to the Euler 
lass of �M .The paper is divided into three main se
tions. In se
tion 2, we review someof the 
on
epts we will be dealing with, following [1℄; in se
tion 3, we prove thetheorem for spheres and in the last se
tion we go on to proving the general 
ase.Alternative modern proofs of Gauss-Bonnet in
lude a heat-equation ap-proa
h, and the super
onne
tions approa
h of Mathai-Quillen.1



2 Some general 
on
epts2.1 Conne
tions and 
urvature on ve
tor bundlesWe �rst introdu
e the notion of bundle valued di�erential forms.De�nition Given a ve
tor bundle � ! Mn, a �-valued p-form on M is ase
tion of the bundle 
p(�M ; �). The �ber of the latter at x 2M 
onsists of theskew-symmetri
 p-linear maps (�M )x � : : :� (�M )x �! �x.We denote by 
p(M; �) the 
0(M)-module of �-valued p-forms. Note that
0(M; �) is just the module of smooth se
tions. Letting 
(M) =P
p(M) and
(M; �) =P
p(M; �), 
(M; �) is a graded left module over the graded algebra
(M), the module multipli
ation being given by(� ^ 
)x(h1 : : : hp+q) = 1p!q! X�2Sp+q ���x(h�(1) : : : h�(p))
x(h�(p+1) : : : h�(p+q))where � 2 
p(M), 
 2 
q(M; �), x 2M , hi 2 (�M )x.The 
0(M)-bilinear map (�; s) �! �^ s, � 2 
(M), s 2 Se
(�) indu
es anisomorphism of graded 
(M) modules: 
(M)

0(M) Se
(�) '�! 
(M; �).De�nition A 
onne
tion on the real ve
tor bundle � �! M is an R-linearmap 5 : 
0(M; �) �! 
1(M; �) satisfying the Leibniz rule: 5(fs) = df ^ s +f 5 s, f 2 
0(M), s 2 
0(M; �).A general fa
t is that any ve
tor bundle admits a 
onne
tion. Lo
ally, a
onne
tion is spe
i�ed by a matrix of 1-forms Aij 2 
1(U), U � M being anopen set over whi
h the bundle trivializes. This implies that there are se
tionse1 : : : ek su
h that e1(p) : : : ek(p) is a basis of �p; write 5(ei) =PAij 
 ej .Alternatively, we 
an think of the 
onne
tion lo
ally as an element of
1(Hom(�=U ; �=U )) written as 5 = Aij
ej
e�i , where e�i are the dual se
tionsto ei. If the ei's form an orthonormal frame at ea
h point, then 5ei = Aij 
 ej ;in general 5s = Aij 
 ei(s)ej .A 
onne
tion 5 extends to a map 5 : 
p(M; �) �! 
p+1(M; �), by5	(X0 : : :Xp) = pXj=0(�1)j 5Xj (	(X0 : : : X̂j : : :Xp))+Xi<j (�1)i+j	([Xi; Xj ℄X0 : : : X̂i : : : X̂j : : : Xp), 	 2 
p(M; �), Xi ve
tor �elds on M . Here 5X = i(X) Æ 5 and i(X) denotesthe \interior produ
t" operator, i(X) : 
p(M; �) �! 
p�1(M; �), i(X)s = 0 byde�nition, (i(X)
)x(h1 : : : hp�1) = 
x(X(x); h1 : : : hp�1), x 2 M , hi 2 (�M )x,2




 2 
p(M; �). The extended 
onne
tion satis�es the relation 5(� ^ 	) =d� ^	+ (�1)deg�� ^5	, � 2 
p(M), 	 2 
p(M; �).The 
omposition F = 5 Æ 5 : 
0(M; �) �! 
2(M; �) turns out to be
0(M)�linear. Also F5 2 Hom
0(M)(
0(M; �);
2(M; �)) 'Hom
0(M)(
0(M; �);
0(M; �))

0(M)
2(M) ' 
0(M;Hom(�; �))

0(M)
2(M)' 
2(M;Hom(�; �)): The �rst isomorphism expresses the adjointness of Homand 
, the proof of the se
ond, given in [1℄ is more involved and would leadus too far astray from the purpose of this paper. The 2-form F5 is 
alled the
urvature of (�;5).We write F5 lo
ally:5Æ5(ei) =X dAij
ej�XAij^5(ej) =X dAij
ej�XAij^XAjv
ev ==Xv (dAiv 
 ev � (Xj Aij ^ Ajv)
 ev);so F5(ei) = Pv(dA � A ^ A)iv 
 ev: The matrix dA � A ^ A is 
alled the
urvature matrix of the given 
onne
tion.In what follows, we explain how the 
onne
tion 5 on � indu
es a 
onne
tionon �� and � 
 �� ' Hom(�; �).We 
laim that there is a unique 
onne
tion 5� on �� su
h that <5�s�; s >+ < s�;5s >= d < s; s� >, s� 2 Se
(��), s 2 Se
(�). Indeed, �xing as� 2 Se
(��), a simple 
omputation shows that the map Se
(�) �! 
1(M) givenby s �! d < s�; s > � < s�;5s > is 
0(M) linear. Hen
e there is a uniqueelement 5�s� 2 
1(M; ��), su
h that < 5�s�; s >= d < s�; s > � < s�;5s >.The assignment s� �! 5�s� de�nes a 
onne
tion on ��, whi
h is the only onesatisfying the desired relation. A similar approa
h shows that given 
onne
tions51, 52 on �1, �2, respe
tively, there is a unique 
onne
tion ~5 on �1 
 �2 su
hthat ~5(s1 
 s2) =51s1 
 s2 + s1 
52s2, si 2 Se
(�i).A 
omputation that 
an be easily 
arried out by working over lo
al or-thonormal frames shows that ~5F5 = 0, where ~5 is the indu
ed 
onne
tion on
�(M;Hom(�; �)). This equality is known as the se
ond Bian
hi identity.Sin
e the di�eren
e of two 
onne
tions on � is an element of 
1(M;Hom(�; �))and lo
ally exterior di�erentiation is a legitimate 
onne
tion, we 
an write5 = d + 
, 
 2 
1(U;Hom(�=U ; �=U )), whre U is an open set is an openset over whi
h the bundle trivializes. A set of 
omputations that we will not
arry out shows that ~5 = d+L
 lo
ally, where ~5 is the indu
ed 
onne
tion on
�(M;Hom(�; �)) and L
 represents the Lie bra
ket with respe
t to 
.The above 
onsiderations show that the se
ond Bian
hi identity 
an be writ-ten lo
ally as dF5 = F5 ^ 
 � 
 ^ F5. This equality will be used in se
tion2:3.2.2 The PfaÆanThe PfaÆan is a homogeneous polynomial of degree n in n(2n�1) real variables,or alternatively a polynomial in the skew-symmetri
 2n� 2n matri
es Aij . For3



su
h a matrix Aij , we let !(A) =Pi<j Aijei ^ ej 2 ^2(Rn) and de�ne Pf(A)from the equality !(A) ^ : : : ^ !(A) = n!Pf(A)e1 ^ e2 : : : ^ e2n.An important relation that the PfaÆan satis�es, proved in [1℄ and [3℄ isPf(BABt) = Pf(A)detB (2), where A is a 2n � 2n skew-symmetri
 matrixand B is arbitrary. From this, we 
on
lude that the PfaÆan is invariant underthe group SO2n: Pf(B�1AB) = Pf(A), (8)B 2 SO2n.Another important observation is that Pf(A) 
an be de�ned as long asthe entries of A are in some 
ommutative algebra A over R. Then (2) stillholds. Indeed, 
onsider the ring R[Aij ; Bij ℄ obtained by adjoining 
ommutingindeterminates Aij and Bij to R. Then Pf(BABt) and detBPf(A) are stillin R[Aij ; Bij ℄. (2) tells us that these polynomials have the same values on allaij ; bij 2 R. Therefore they are equal as polynomials in the indeterminatesAij ; Bij .It is straightforward to see, from the de�nition and the remarks in the pre-
eding paragraph that the PfaÆan of 
ommuting variables Xij ; 1 � i < j � 2n
an also be written:1n! X�2S2n;�(2v�1)<�(2v) �(�) nYv=1X�(2v�1)�(2v):Here �(�) is the signature of �.Furthermore, by letting Xij = �i ^ �j ; i < j, where �1 : : : �2n is the standardbasis of Alt1(R2n), we get thatPf(�i ^ �j) = 1 � 3 � 5 : : : (2n� 1)�1 ^ : : : ^ �2n:(There are �2n2 ��2n�22 � : : : �22� = (2n)!2n permutations as above and we are dividingby n!; �(�) gets multiplied by itself, so it 
an
els.) We will use this formula inour proof of the theorem for even-spheres.2.3 The Euler ClassThe notion of inner produ
t (metri
) on an arbitrary ve
tor bundle is a naturalgeneralization of the Riemannian metri
.De�nition For a bundle � ! M , a 
onne
tion 5 on (�;<;>) is said to bemetri
 if d < s1; s2 >=<5s1; s2 > + < s1;5s2 > for any two se
tions.In what follows, we will be 
onsidering a ve
tor bundle � ! M of �bre dimen-sion 2k. Let e1 : : : e2k 2 
0(�=U), for some open set U , su
h that e1(p) : : : e2k(p)forms an orthonormal basis of �p, for all p. Let Aij be the 
onne
tion matrix of1-forms, for some metri
 
onne
tion on �. Sin
e < ei; ek > is 
onstant, we get:0 =<XAij 
 ej ; ek > + < ei;XAkj 
 ej >=4



=Xj Aij < ej ; ek > +Xj Akj < ei; ej >= Aik +Akiso Aij is skew-symmetri
.The 
urvature matrix of 2-forms with respe
t to the orthonormal frame e willbe given lo
ally by a 2k�2k matrix with entries in 
2(U): F5(e) = dA�A^A:Sin
e A is skew-symmetri
, we see that the same happens for F5(e), hen
e bythe dis
ussion in 2:2, we 
an take Pf(F5(e)) 2 
2k(U):In another orthonormal frame e0 over U , F5(e0)p = BpF5(e)B�1p , whereBp is the orthogonal transition matrix between e(p) and e0(p):If we assume further that the ve
tor bundle � is oriented, one of the various(equivalent) notions of orientation says that the stru
ture group 
an be takento be SO2k. If e(p) and e0(p) are oriented orthonormal bases for �p; p 2 U;Bp 2SO2k, from se
tion 2:2 we get Pf(F5(e)) = Pf(F5(e0)), so Pf(F5) be
omesa well-de�ned 2k�form on M .A nontrivial fa
t about this form is that it is 
losed. To prove 
losedness, were
all the lo
al form of Bian
hi's se
ond identity: dF5 = F5^
�
^F5. Wedenote by Pf 0 the (antisymmetri
) matrix of partial derivatives of the PfaÆan.Then dPf(F5) = Tra
e(Pf 0(F5)t ^ dF5).For any antisymmetri
 matrix B, Pf 0(B)t � B = B � Pf 0(B)t. Indeed, bydi�erentiating the identity (PfB)2 = detB, we get 2Pf(B) � Pf 0B = det0B.Transposing, we get 2Pf(B) �Pf 0(B)t = det0Bt = B�, the adjoint matrix of B.Multiplying by B, we get PfB � Pf 0(B)t � B = PfB � B � Pf 0(B)t. It followsthat Pf 0(B)t �B = B � Pf 0(B)t, when B is nonsingular; a 
ontinuity argumentshows that the above identity always holds.In parti
ular Pf 0(F5)t ^ F5 = F5 ^ Pf 0(F5)t.Hen
e dPf(F5) = Tra
e(Pf 0(F5)t ^ F5 ^ 
� Pf 0(F5)t ^ 
 ^ F5)Tra
e(F5 ^ [Pf 0(F5)t ^ 
℄� [Pf 0(F5)t ^ 
℄ ^ F5) = 0:Another 
ru
ial property of Pf(F5) is summarized in the following theorem,proved in [1℄:Theorem 1 The 
ohomology 
lass determined by Pf(F5) is independent ofthe 
hoi
e of metri
 on � and of the 
ompatible metri
 
onne
tion.Finally, we de�ne the Euler 
lass:De�nition The Euler 
lass of the oriented, real, 2k�dimensional ve
tor bun-dle � is the 
ohomology 
lass e(�) = �Pf��F52� �� 2 H2k(M):3 Gauss-Bonnet for spheresIn this se
tion we are going to prove the Gauss-Bonnet theorem, RM Pf��F52� � =�(M2n); M even-dimensional, 
ompa
t, oriented, smooth manifold, for the 
ase5



when M is a sphere S2n, endowed with the standard eu
lidian metri
 and theLevi-Civita 
onne
tion. In this 
ase �(S2n) = 2. The result will follow from thefollowing 4 Lemmas:Lemma 1 Any sphere Sn � Rn+1, n � 2, with the indu
ed eu
lidian metri
,has 
onstant se
tional 
urvature equal to 1Proof I'll add this later, hopefully smth that is not 
omputations with Christof-fel symbols in the stereographi
 
harts.Lemma 2 If se
(�) = k for all 2-planes in TpM , then R(v1; v2)v3 = k(<v2; v3 > v1� < v1; v3 > v2);8v1; v2; v3 2 TpM:Proof Introdu
e the multilinear maps:Rk(v1; v2)v3 = k(< v2; v3 > v1� < v1; v3 > v2)Rk(v1; v2; v3; v4) = k(< v2; v3 >< v1; v4 > � < v1; v3 >< v2; v4 >):Then one 
an see that Rk(v1; v2; v3; v4) satis�es the same symmetry relationsas R(X;Y; Z;W ) =< R(X;Y )Z;W >; namely:R(X;Y; Z;W ) = �R(Y;X;Z;W ) = R(Y;X;W;Z) (1)R(X;Y; Z;W ) = R(Z;W;X; Y ) (2)R(X;Y )Z +R(Z;X)Y +R(Y; Z)X = 0 (3)Then T (v1; v2; v3; v4) = R(v1; v2; v3; v4) � Rk(v1; v2; v3; v4) is a tensor satisfy-ing the same symmetries and se
(�) = k;8� 2 TpM implies T (v; w; w; v) =0;8v; w 2 TpM .For w = w1 + w2, we get:0 = T (v; w1 + w2; w1 + w2; v) = T (v; w1; w2; v) + T (v; w2; w1; v) == 2T (v; w1; w2; v) = �2T (v; w1; v; w2):Properties (1) and (2) will then imply that T is alternating in all 4 variables,and then by (3), T � 0; q.e.d.One 
an also obtain the desired equality by using the identity that shows howthe se
tional 
urvatures determine the whole 
urvature tensor. This approa
his used in [7℄.Lemma 3 Given a smooth manifoldMn, let e1 : : : en be an orthonormal frameon some open U . Let �i be the dual 
oframe of 1-forms. Then the 
urvaturematrix of 2-forms is given lo
ally by 
ij = �1=2Pk;l Rijkl�k^�l, where Rijkl =<R(ek; el)ej ; ei > : 6



Proof We will be using a standard summation 
onvention, namely when anindex appears on one side of an expression and does not appear on the other,we are summing after it. Let 5ei = !ij 
 ej , [ei; ej ℄ = 
pijep: Then5ekei = !ij(ek)ej =< !ij ; �k > ej = �jikej :Also �jik = ��ijk, sin
e !ij is skew-symmetri
. To prove the 
laimed equality, itsuÆ
es to 
he
k that both sides, when evaluated on pairs of ve
tor �elds (es; et),give the same result.Rijklei = R(ek; el)ej = 5ek 5el ej �5el 5ek ej �5[ek;el℄ej =5ek(�sjles)�5el(�sjkes)�5
sklesej =�sjl 5ek es + ek(�sjl)es � �sjk 5el es � el(�sjk)es � 
skl 5es ej =�sjl�tsket � �sjk�tslet + ek(�sjl)es � el(�sjk)es � 
skl�tjset:Evaluating the right side on ve
tor �elds, we have � 12Pk;lRijkl�k ^ �l(es; et) =� 14 (Rijst�Rijts) = � 12Rijst = � 12 (�vjt�ivs��vjs�ivt+es(�ijt)�et(�ijs)�
vst�ijv) (?)The next step is to 
ompute 
ij(es; et). We have:d!ij = d�jik ^ �k + �jikd�k = el(�jik)�l ^ �k + �jikd�k =)d!ij(es; et) = 12es(�jit)� 12et(�jis)� 12�jik�k([es; et℄)d!ij(es; et) = 12es(�jit)� 12et(�jis)� 12�jik
kst (??)The last term in the last but one expression was obtained from the formula2(d!)(X1; X2) = X1(!(X2))�X2(!(X1))� !([X1; X2℄):Finally, �!iv ^!vj(es; et) = 12 (�jvs�vit��vis�jvt): From this, and the relations(?) and (??), the 
on
lusion follows, keeping in mind that �jik = ��ijk.Lemma 4 The volume of S2n is given by V ol(S2n) = 22n+1n!�n(2n)! :Proof De�ne an (n� 1)-form !0 2 
n�1(Rn) by!0x(w1 : : : wn�1) = det(x;w1 : : : wn�1) 2 Altn�1(Rn);for x 2 Rn. Sin
e !0x(e1 : : : êi : : : en) = (�1)i�1xi, we have!0 = nXi=1(�1)i�1xidx1 ^ : : : ^ ^dxi ^ : : : ^ dxn:If x 2 Sn�1 and w1 : : : wn�1 is a basis of TxSn�1, then x;w1 : : : wn�1 be
omesa basis for Rn and the �rst formula in this proof shows that !0x 6= 0. Hen
e7



!0=Sn�1 is an orientation form on Sn�1. For the orientation of Sn�1 given by!0, the basis w1 : : : wn�1 of TxSn�1 is positively oriented if and only if the basisx;w1 : : : wn�1 forRn is positively oriented. Hen
e Sn�1 with the indu
ed metri
has volume form !0=Sn�1 .Now the volume of Sn�1 
an be 
al
ulated by applying Stokes' theorem toDn with the standard orientation of Rn and the (n� 1)-form !0 on Rn. Sin
ed!0 = ndx1 ^ : : : ^ dxn, we have thatV ol(Sn�1) = ZSn�1 !0 = ZDn d!0 = nV ol(Dn):The latter is just 
omputing an iterated integral, and turns out to be V ol(D2n+1) =22n+1n!�n(2n+1)! . This yields the desired expression for the volume of the sphere.From Lemma 1 and Lemma 2, we dedu
e Rijkl = ÆljÆki � ÆkjÆli: The only
ases when Rijkl is not zero are l = j; k = i; i 6= j and k = j; l = i; i 6= j: Itfollows from Lemma 3 that the 
urvature matrix is lo
ally 
ij = ��i ^ �j : Thelast formula from se
tion 2:2, 
ombined with Lemma 4 and the observation that�(S2n) = 2, show the validity of Gauss-Bonnet for even spheres.4 The General Case4.1 Various Notions of OrientationThe sphere bundle of a smooth manifold (Mn; g) is de�ned as follows: takethe dire
t sum between �M and the trivial line bundle over M ; this new ve
torbundle has a metri
 indu
ed by g; the unit spheres in its �bers will be the�bers of a Sn�bundle over M , the asso
iated sphere bundle, whi
h we denoteby S(�M � 1). We make the 
onvention that the zero se
tion in this bundle iss0(p) = (0;�1) and the se
tion at in�nity, s1(p) = (0; 1).Our aim in what follows is to establish the following impli
ation:M oriented =) �M oriented =) S(�M � 1) oriented:By �M being oriented we mean that all transition maps have positive deter-minant. This is the same as requiring �M to have stru
ture group SOn, keepingin mind that the stru
ture group of any real ve
tor bundle 
an be redu
ed toOn. Furthermore, a sphere bundle Sn ! E ! M is de�ned to be orientable ifthere is a 
lass [!℄ 2 Hn(E), whi
h generates the n-th 
ohomology of the �ber,when restri
ted to it.The �rst impli
ation is just a matter of 
he
king de�nitions. Choose atrivializing atlas (U�; ��) on M su
h that the determinants of the ja
obiansof the transition maps are positive. A di�eomorphism between ��1(U�) and8



U� � Rn is given by (p; vp)  ��! (��(p); f1; : : : ; fn), where fi are the 
om-ponents of vp with respe
t to the standard 
oordinate ve
tor �elds. Then(U� \ U�) � Rn  � �1��! (U� \ U�) � Rn will be given �berwise by the ja
o-bian of ����1� :  � �1� (p; v) = (p; J (����1� )j��(p)), whi
h is positive by theassumption that M is oriented.The proof of the se
ond impli
ation is more involved . We will follow ideasfrom [4℄, rather then the \indu
tion on open sets" argument given in [1℄.Sin
e the transition maps of �M assume values in SOn, those of �M � 1 arein SOn+1. We �rst prove that it is possible to �nd a 
over of the total spa
eE of the asso
iated sphere bundle and 
lasses [�U ℄ 2 Hn(E=U ) that restri
t togenerators of Hn(Fx) for x 2 U and for all U in the 
over.Fix a generator � of Hn(Sn) and a trivialization of E so that the transitionmaps g�� take values in SOn+1. Let �� : U��Sn ! Sn be the proje
tion and let��1(x) be a �ber of S(�M�1). De�ne [��℄ 2 Hn(E=U ) by [��℄ = ������[�℄;�� :��1(U�) '! U� � Sn. Write [��℄=X and ��=X for the restri
tions [��℄=��1(x)and ��=��1(x), respe
tively.Then for x 2 U�, [��℄=X = (��=X )�[�℄. The fa
t that the above de�ned
lasses agree on interse
tions is equivalent to saying:[�℄ = (��=X)�)�1(��=X)�[�℄ = (��=X Æ���1=X)�[�℄ = g��(x)�[�℄; x 2 U� \ U�:The latter is true sin
e g := g��(x) is an orientation preserving di�eomorphismof Sn, so RSn g�[�℄ = Rg(Sn)[�℄ = RSn [�℄ = 1:To show that the [��℄0s pat
h to de�ne a global 
lass, we have to introdu
emore ma
hinery. The proofs of the results we are going to state and use 
an befound in [4℄.Given a 
ountable open 
over (U�) of a manifold M , the 
hain with 
oeÆ-
ients in the sheaf of smooth p-forms is the following 
hain:0! 
p(M) r!Y
p(U0) Æ!Y
p(U0 \ U1) Æ!Y
p(U0 \ U1 \ U2)! : : : :An element of Q
p(U1 \ : : : \ Uk) is spe
i�ed by a p-form on ea
h k-interse
tion. (On interse
tions with a repeated index, we 
onsider the 0-form;if the index sets di�er by a permutation, the forms assigned to them di�er bythe sign of that permutation.) The �rst di�erential, r, is just restri
tion. Thedi�erential of an element ! 2 Q
p(Ui1 \ : : : \ Uiq ) with \
omponents" !i1:::iqis given by (Æ!)j1:::jq+1 =Pq+1i=0 (�1)i!j1:::ĵi:::jq+1 :It is immediate to 
he
k Æ2 = 0, so the Æ-
ohomology of the above 
omplexis de�ned. A �rst nontrivial result is that the 
ohomology groups vanish in alldimensions.We wish to relate the deRham groups of M to the 
ohomology groups of adouble 
omplex whi
h we de�ne in what follows. Let Kp;q = Q
q(U0 \ : : : \Up). Keeping the �rst (se
ond) index �xed, we get a 
hain with di�erential9



d(Æ). Denoting Kn =Pp+q=nKp;q;Kn is a 
hain 
omplex (the \Ce
h-deRham
omplex") with di�erential D = Æ + (�1)pd. Note that K�;q is an augmented
omplex (by the group 
q(M)). The main result we will use to prove theexisten
e of a global orientation 
lass is the following theorem:Theorem 2 The double 
omplex K 
omputes the deRham 
ohomology ofM , more pre
isely the restri
tion map r : 
� ! K� is a 
hain map indu
ingan isomorphism in 
ohomology. More generally, if all the rows (
olumns) ofan augmented 
omplex are exa
t, then its 
ohomology is isomorphi
 to the
ohomology of the initial 
olumn (row).We �nally pro
eed to prove the existen
e of a global orientation 
lass on E,the total spa
e of S(�M � 1). We will use the fa
t that any (
ompa
t) manifoldhas a (�nite) good 
over, that is, a 
over su
h that all nonempty interse
tionsare 
ontra
tible. In fa
t, it is true that any open 
over has a re�nement whi
his a good 
over. This, together with the observation that (U�) good 
over of Mimplies ��1(U�) good 
over of E, implies that we 
an 
hoose lo
al orientation
lasses [��℄ 2 Hn(E=U�). By abuse of notation, we will write 
n(U� \ U�)instead of 
n(E=(U�\U�).The ��'s de�ne an element �0;n in Q
n(U�). By the theorem, to provethat [��℄ pat
h to de�ne a global 
lass, it suÆ
es to show that �0;n extends toa D�
o
y
le in Kn.At this step, it is useful to have in mind the following pi
ture:0! 
n(M) r! Q
n(U�) 3 �0;n Æ�! : : : : : : : : :" d... : : : Q
n�1(U� \ U�) 3 �1;n�1 : : : : : :... " �d" d ...0! 
1(M) r! Q
1(U�) Æ�! ... : : : : : :" d " �d " (�1)nd0! 
0(M) r! Q
0(U�) Æ�! Q
0(U� \ U�) : : : Æ�! Q
0(U�1 \ : : :\U�n+1) 3 �n;0 Æ!To extend �0;n to aD�
o
y
le is to �nd elements �1;n�1; : : : ; �n;0, belongingto the groups spe
i�ed in the pi
ture, su
h that:Æ�0;n = d�1;n�1; Æ�1;n�1 = �d�2;n�2 : : : Æ�n�1;1 = (�1)n�1d�n;0; Æ�n;0 = 0:All but the last of the above equalities are trivially satis�ed, sin
e the
olumns in the pi
ture are exa
t, by our 
hoi
e of good 
overs. Thus D(�0;n +�1;n�1 + : : :+ �n;0) = Æ�n;0. Also d(Æ�n;0) = Æ(d�n;0) = �Æ(Æ�n�1;1) = 0 andthis implies Æ�n;0 = 0 by inje
tivity of the �rst verti
al di�erential.10



4.2 The verti
al bundle and another 
orresponden
e be-tween orientationsLemma 5 Let � = (E; �;B; F ) be a ve
tor bundle. If there is a nowherevanishing se
tion � 2Se
(^r��), (�� is the dual bundle) then the ve
tor bundleis orientable.Proof If su
h a se
tion exists, then �(x) orients Fx in the sense of linearalgebra, i.e. spe
i�es whether a basis is positive or negative. Let (U�;  �) be atrivialization,  � : U� � F '! ��1(U�), with U� 
onne
ted. Fix an orientationof F. The 
onne
tedness assumption implies that, for ea
h �, the linear maps �;x : F ! Fx; x 2 U� either all preserve, or all reverse orientations. Let � bean orientation reversing isomorphism of F . De�ne a new trivialization (U�; ��)by: ��(x; v) = �  �(x; v) if �;xpreserves orientations �(x; �(v)) if �;xreverses orientationsThen ea
h ��;x preserves orientations. Hen
e so does ��1�;xÆ��;x, i.e. det(��1�;xÆ��;x) > 0.The 
onverse is also true, but we will only need the impli
ation we proved.We now pro
eed to de�ne the verti
al bundle. Given a smooth �ber bundleF ! E �! B and a point z 2 E, the verti
al subspa
e of Tz(E) is de�ned to beVz(E) := ker(d�)z . Surje
tivity of (d�)z implies dimVz(E) =dimE�dimB =dimF .For a 2 B; z 2 Fa; Vz(E) = im(dja)z, where ja : Fa ! E is the standard in
lu-sion. Indeed, � Æ ja is 
onstant, hen
e d� Æ dja = 0 and this implies im(dja)z �Vz(E). Inje
tivity of (dja)z implies dim(im(dja)z) =dimF =dimVz(E) andhen
e the equality.The verti
al subbundle is de�ned to be VE := [z2EVz(E). It is a subbundleof �E . This follows easily by 
hoosing a trivialization (U�;  �) and 
onsideringdiagram (2), as a restri
tion of diagram (1).�U� � �F d �'�! ���1(U�)# #U� � F  �'�! ��1(U�) (1)U� � �F '�! VE=��1(U�)# #U� � F  �'�! ��1(U�) (2)The equality Vz(E) = im(dja)z implies that the derivative dja : �Fa ! �E
an be 
onsidered as a bundle map dja : �Fa ! VE indu
ing linear isomorphismson the �bres. 11



We now return to the setting of the previous se
tion. Denoting by S(�M �1)and VE the total spa
e of the sphere bundle of Mn and the verti
al subbun-dle, respe
tively, we wish to 
onstru
t a map VE �! �M making the diagramVE �! �M� # # �S(�M � 1) �! M 
ommutative and indu
ing linear isomorphisms on the�bres.Let Fx ' Sn be a �ber of the sphere bundle of M;x 2 M . For z 2 Fx, weknow that (djx)�1z : Vz(E)! Tz(Fx) is a linear isomorphism. The map (�M )x !Fx given by the inverse of stereographi
 proje
tion has inje
tive derivative andequality of dimensions shows that it indu
es a linear isomorphism of tangentspa
es. Identifying (�M )x with its tangent spa
e and 
omposing these threemaps, gives the desired linear isomorphism.We will need the map � for the proofs in the next se
tion.We 
on
lude this se
tion by showing that the orientation 
lass of E, the totalspa
e of S(�M � 1), indu
es an orientation of VE .Note that there is a map �V : 
n(E) �! Se
(^nV �E) given by �V �z(�1 : : : �n) =�z(�1 : : : �n); z 2 E; �i 2 Vz(E). We 
an regard ^(djx)z ; x = �z as an iso-morphism �z : ^nTz(Fx) '�! ^n(Vz(E)). Then for 	 2 
n(E); ��z (�V	z) =(j�x	)z; z 2 E; x = �z. If in addition 	 orients the sphere bundle, (j�x	)z 6= 0,for every z 2 Fx; x 2M . Hen
e (�V	)z 6= 0; z 2 E. By Lemma 5, we get thatthe ve
tor bundle VE ! E is orientable.4.3 An Expli
it Orientation Class and its Relation to theEuler ClassThe 
onsiderations in the previous se
tion show that we 
an 
onsider the follow-ing 
losed n-form on E: u = 12 [Pf(�F52� ) � ��s�1Pf(�F52� )℄, where E ��! M ,and F5 is the 
urvature of some metri
 
onne
tion on E.We will prove in this se
tion that u is an orientation 
lass and s�0(u) is theEuler 
lass of �M .We �rst show that given a ve
tor bundle ~E ~��! ~B with a Riemannian metri
~g and a 
ompatible metri
 
onne
tion ~5, a 
ommutative diagram E '�! ~E� # # ~�B �!	 ~Bwith ' restri
ting to linear isomorphisms on the �bers, we 
an pull ba
k ~g and~5 to g and 5, respe
tively. Moreover, 5 is 
ompatible with the metri
 g andthe 
onne
tion matrix of 1-forms for 5 is obtained by pullba
k under 	.Note that there is a map '� : Se
( ~E) �! Se
(E) given by ('�(~s))(x) ='�1x [s(	(x))℄; x 2 B. This extends to a map '� : 
p( ~B; ~E) �! 
p(B;E)by: ('�
)x(X1 : : : Xp) = '�1x [
	(x)((d	)X1 : : : (d	)Xp)℄. For a 2 
�(B), b 2
�(B;E), '�(a ^ b) = 	�a ^ '�b. Given a 
onne
tion �5 on E, ' will be 
alled
onne
tion-preserving if �5'� = '� ~5. We now prove:12



Lemma 6 Given a 
ommutative diagram E '�! ~E� # # ~�B �!	 ~B with ' restri
tingto linear isomorphisms on the �bers, to any 
onne
tion ~5 on ~E 
orresponds aunique 
onne
tion 5 on E, su
h that ' is 
onne
tion preserving. (This is, byde�nition, the pullba
k of ~5.)Proof There is an isomorphism 
(B) 

0( ~B) Se
( ~E) ' 
(B;E) given by�
s �! �^'�s. (It 
an be obtained by using 
(B)

0(B)Se
(E) ' 
(B;E)and 
(B) 

0( ~B) Se
( ~E) ' Se
(E); the latter is given by f 
 s $ f('�s)and in parti
ular shows that Se
(E) is generated by se
tions of the form '�s,s 2 Se
(~(E)), so it suÆ
es to know how 5 a
ts on these se
tions.)To 
onstru
t 5, de�ne an R-bilinear map: � : 
0(B) � Se
(~(E)) �!
1(B;E) by �(f; �) = df ^ '�� + f � '�( ~5�):Then �(f � ~g; �) = �(f; ~g � �), ~g 2 
0( ~B), where the dots denote the 
0( ~B)-module multipli
ation, hen
e � des
ends to an R-linear map 5 : 
(B) 

0( ~B)Se
( ~E) �! 
1(B;E); identifying 
(B)

0( ~B) Se
( ~E) with Se
(E), we get thedesired 
onne
tion.We now 
he
k that 5 preserves the pullba
k metri
 g. Note that withthis metri
 ' indu
es an isometry on the �bres. By the remarks in the proofof Lemma 6, it suÆ
es to 
he
k metri
-
ompatibility for se
tions that arepullba
ks of se
tions of ~E ~��! ~B. We have:g(5'� ~s1; '� ~s2)+g(5'� ~s2; '� ~s1) = g('� ~5 ~s1; '� ~s2)+g('� ~5 ~s2; '� ~s1) sin
e'isometry=~g( ~5 ~s1; ~s2) + ~g( ~5 ~s2; ~s1) = d~g( ~s1; ~s2) sin
e'isometry= dg('� ~s1; '� ~s2):Last, we note that the 
onne
tion matrix of 1-forms for 5 is obtained bypullba
k under 	. It suÆ
es to note that if ~sj are lo
al trivializing se
tions , thenso are '� ~sj and if ~5~si =P ~!ij
 ~sj then5'� ~si = '�(P ~!ij
 ~sj) = 	� ~!ij
'� ~sj :The pre
eding paragraph implies that the 
urvature matrix for5 is obtainedfrom that of ~5 by pullba
k under 	; if in addition the bundles are oriented ,this implies 	�Pf(F ~5) = Pf(F5).We apply the 
onsiderations sofar to 
on
lude that u is an orientation 
lass.In the 
ommutative diagram �Sn djx�! VE# #Sn jx,! E , djx indu
es linear isomorphismson the �bres, hen
e for an arbitrary metri
 and 
ompatible metri
 
onne
tionon VE �! E, 12 RSn j�xPf(�F52� ) = 1, by the proof for the 
ase of spheres. Toshow that RSn j�x��s�1Pf(�F52� ) = 0, we note that j�x�� is the zero map in13




ohomology , so it maps any form to a 
losed form. The 
on
lusion follows byStokes' theorem.Finally, we 
on
lude that s�0(u) represents the Euler 
lass of �M . We usethe 
ommutative diagram VE ��! �M� # # �S(�M � 1) ��! M from se
tion 4.2. Given a
onne
tion 5 on �M �! M , we have ��Pf(�F52� ) = Pf(�F (��5)2� ), hen
ePf(�F52� ) = s�0Pf(�F (��5)2� ).s�0(u) = 12 (s�0 � s�1)Pf(�F (��5)2� ) (s0+s1=0)= s�0Pf(�F (��5)2� ) = Pf(�F52� ),q.e.d.4.4 Final Step of the Proof: RM s�0(u) = �(M)Let M be any 
ompa
t oriented manifold. Let f!ig be a basis of H�(M) andf�jg the dual basis under Poin
ar�e duality, i.e., RM !i ^ �j = Æij . Denote by �and � the proje
tions of M �M onto the �rst and se
ond fa
tor, respe
tively.By the K�unneth isomorphism, H�(M � M) = H�(M) 
 H�(M), a basis ofthe former being given by f��!i ^ ���jg. Let �� = P 
ij��!i ^ ���j be thePoin
ar�e dual of the diagonal � in M �M . We re
all that given an orientedmanifoldMn and a 
ompa
t oriented submanifold Sk, the Poin
ar�e dual of S isthe unique 
lass [�S ℄ 2 Hn�k
 (M) su
h that RS i�! = RM ! ^ �S , for any 
losedform ! 2 
k(M).We prove the following lemma:Lemma 7 �� =P(�1)deg!i��!i ^ ���j and R� �� = �(M).Proof We 
ompute R� ���k^��!l in two ways. On one hand we 
an pull ba
kthis integral ba
k to M via the diagonal map i :M �! � �M �M :Z� ���k ^ ��!l = ZM i����k ^ i���!l = ZM �k ^ !l = (�1)(deg�k)(deg!l)Ækl:On the other hand, by the de�nition of the Poin
ar�e dual of a submanifold,Z� ���k^��!l = ZM�M ���k^��!l^�� =Xi;j 
ij ZM�M ���k^��!l^��!i^���j=Xi;j 
ij(�1)(deg�k+deg!l)(deg!i) ZM�M ��(!i^�k)��(!l^�j) = (�1)(deg�k+deg!l)deg!k
kl:Hen
e 
kl = � 0 ifk 6= l(�1)deg!k ifk = l 14



Z� �� =Xi (�1)deg!i Z� ��!i ^ ���i =Xi (�1)deg!i ZM i���!i ^ i����i =Xi (�1)deg!i ZM !i ^ �i =Xi (�1)deg!i =Xq (�1)qdimHq(M) = �(M); q.e.d.A result we will use without proof is the following lemma, a parti
ular 
aseof the integration a
ross the �ber homomorphism.Lemma 8 Let E ��!Mn be an oriented �ber bundle with 
ompa
t �bers overan oriented manifold. Let u be an orientation 
lass. Then RM ! = RE ��! ^ u,for any ! 2 
n
 (M). Here E 
arries the 
anoni
al orientation indu
ed by anoriented trivializing atlas of M .In our 
ontext, if ! = s�0� , then RM ! = Rs0(M) � = RE ��s�0� ^ u. But s0 Æ �is homotopi
 to idE , sin
e the �bers, being even spheres, are simply-
onne
ted.Hen
e RE ��s�0� ^ u = RE � ^ u and the Poin
ar�e dual of the zero se
tion 
an berepresented by the orientation 
lass.The map (p; v) f�! (p; exppv) indu
es an orientation preserving di�eomor-phism of an open neighborhood O of the zero se
tion in E onto an open neigh-borhood D of the diagonal � in M �M . Here exp denotes the exponentialmap and v is obtained from an element in the �ber at p by omitting the last
oordinate. It is straightforward to 
he
k that the integral of the Poin
ar�e dualof s0(M) in O over s0(M) equals the integral of the Poin
ar�e dual of � in Dover �. The lo
alization prin
iple (the support of the Poin
ar�e dual of a 
om-pa
t oriented submanifold S may be shrunk into any open neighborhood of S),together with the earlier 
onsiderations gives:�(M) = Z� P:D:M�M (�) = Zs0(M) P:D:E(s0(M)) = Zs0(M) u = ZM s�0(u):With these, the proof of the Gauss-Bonnet theorem is 
omplete.
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