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Abstract

In this paper we improve some of the results on cyclable graphs achieved
by Klostermeyer and Soltes in [1]. A simple graph G is defined to be cy-
clable if for each orientation D of G there is a set S of the vertices, such
that reversing all the arcs of D with one end in S, results in a hamiltonian
digraph. We show that any graph with minimal degree n/2 + 1 (n even),
with two exceptions, is cyclable. We also show that the square of any
3-connected graph is cyclable and that the third power of a connected
graph which contains a vertex of degree greater or equal to 3, is cyclable.

1 Introduction

In order to define cyclable graphs, Klostermeyer and Soltes [1] introduced
a transformation on the vertices of an oriented graph. When a vertex of an
oriented graph is pushed, the orientation of each of its incident arcs is reversed.
A simple graph is said to be cyclable if for each orientation of its edges there is
a subset of vertices that can be pushed, such that the resulting digraph has an
oriented hamiltonian cycle. Note that the order in which the vertices of a set
are pushed does not matter.

A motivation for studying cyclable graphs is the fact that known conditions
that guarantee hamiltonicity often imply stronger results about the graph such
as pancyclicity [7] and cycle-extendability [4]. In [3], Klostermeyer and Soltes
show the following:

Theorem 1 For n odd, any hamiltonian graph on n vertices is cyclable.

For n even, an orientation of a simple graph is pushable to one that contains
a directed hamiltonian cycle if and only if it contains an oriented cycle passing
through all the vertices with an even number of arrows clockwise.
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In [1], Klostermeyer and Soltes study the cyclability property in powers of
graphs. They show that the fourth power of any connected graph is cyclable,
that the third power of any 2-connected graph is cyclable, and ask whether
the square of a 3-connected graph is cyclable. We give a simple proof of this
conjecture. Moreover, we strenghten the previous results by proving that the
third power of any connected graph which contains a vertex of degree greater
than 2, is cyclable.

Results concerning hamiltonicity in powers of graphs were obtained in the
60s by Sekanina and Karaganis and in the 70s by Fleischner. Sekanina [5] and
Karaganis [6] proved that the cube of any connected graph is hamiltonian; Fleis-
chner [9], [10] proved that the square of any 2-connected graph is hamiltonian.
These results motivated stronger ones: in the same years, it was proved that
the same conditions imply hamiltonian-connectedness [11] and other properties
of the graph [7], [8]. We will use these results in our proofs.

In [1], Klostermeyer and Soltes also obtained a sufficient condition on the
minimal degree of a graph, that implies cyclability. They showed that any graph
on n vertices with minimal degree n/2 + 2 is cyclable. If n is even (we assume
this, since for n odd, cyclability is equivalent to hamiltonicity), we show that
a stronger result holds: any graph with minimal degree n/2 + 1, except for K4
and K> 5, is cyclable.

2 Preliminary Lemmas

In our proofs, we are going to pay a special attention to even length cycles,
in particular of length 4 and n (the number of vertices of the graph). A cycle
of even length of an oriented graph is said to be good if it has an even number
of arrows in one direction, as we go across the cycle. Otherwise, it is said to be
bad. If a vertex is pushed, good cycles remain good and bad cycles remain bad.
According to Theorem 1, a graph on n vertices (n even) is cyclable if and only
if, in each of its orientations we can find a good n-cycle.

Lemma 1 If two vertices of a graph, © and y, have three common neighbors
labeled 1,2,3, then one of the cycles x1y2, x1y3, x2y3, is good.

Proof. Assume z1y2 and x1y3 are bad cycles. An edge arag+1 of a directed
cycle ayas ... ay,, (m even and not necessarilly all edges being oriented clockwise)
is said to be good if it is oriented from ay, to ay1; otherwise it is said to be bad.
Note that if we go across the cycle in one direction and then in the opposite
direction, all edges that were good the first time, are bad the second time.
Because we are interested in the parity of good or bad edges across the cycle
and m is even, it does not matter in what direction we go across the cycle.

The assumption implies that each of the sets {z1, 1y,y2, 2z} and {z1, 1y, y3, 3z}
contains an odd number of bad edges. Their “union” {z1,z1, 1y, ly,y2,y3, 2z, 3z}



will therefore contain an even number of bad edges. But {z1,z1, 1y, 1y} con-
tains an even number of bad edges. So {y2,y3, 2z, 3z} must also contain an even
number of bad edges. If we “look oppositely” at an even number of edges in any
set, the parity of the number of bad edges does not change. So {2z, 3,3y, y2}
contains an even number of bad edges and therefore is good.

Lemma 2 If 1234 is a good 4-cycle of an orientation of a simple graph with n
vertices (n even) and the rest of the vertices can be partitioned in two classes,
UVi,y---, Uk and wi, ..., wy, such that vy ...vg is a path from 1 to 3 and wy -..w;
is a path from 2 to 4 and k and [ are even, then that orientation is pushable to
a hamiltonian one. (In particular if 13 is an edge and 2 and 4 are hamiltonian-
connected in G — {1, 3}, then, no matter what the orientation is, it is pushable
to a hamiltonian one.)

Proof. Denote by p; and p, the paths from 1 to 3 and from 4 to 2, re-
spectively. Assume the given orientation is not pushable to a hamiltonian one.
Then, by Theorem 1, both n-cycles 1p;34p221 and 1p;32p241 are bad (pz is
the path ps in reverse order). So, the number of bad edges in their “union”
{p1,p1,34,p2,D2,21,32,41} is even. The number of bad edges in {pi,p1} is
even and the number of bad edges in {p2, P2} equals the length of ps, which is
odd. So, in the set {34,21,32,41} there must be an odd number of bad edges;
the same holds for the set {34,12,23,41}. We get that the 4-cycle 1234 is bad,
a contradiction.

Corollary 1 If a simple graph G contains 2 adjacent vertices x and y, which
have three common neighbors labeled 1,2,3 and the pairs of vertices 1 — 2,1 —
3,2 — 3 are hamiltonian-connected in G — {z,y}, then G is cyclable.

Using the same techniques, we can show that if an orientation D of a simple
graph G with n vertices (n even) contains a bad 4-cycle 1234 and the rest of
the vertices can be partitioned in two classes vy,...,vx and wy,...,w;, such
that vy ... vy are the vertices of a path between 1 and 3, while w; ...w; are the
vertices of a path between 4 and 2, with £ and [ odd, then D is pushable to a
hamiltonian orientation. We can also show that if a graph G with n vertices (n
even) contains a 4-cycle for which the rest of the vertices can be partitioned as
above, once for k,l odd and once for k,[ even, then G is cyclable.

3 Proof of the Results

3.1 Degree Results

Theorem 2 Any graph with n vertices and with minimal degree n/2 + 1 (n
even) is cyclable, except for K4 and Ks .



Proof. For any two adjacent vertices, v and w, dg_ () (v) +dg_{uy (w) > n
and because |NG_{w}(v)UNg_{v}(w)| < n —2, v and w have at least two
common neighbors in G — {w,v}. Therefore, G will contain 4-cycles with a
diagonal. Let D be an arbitrary orientation of G. We consider two cases.

Case 1: D contains a good 4-cycle with a diagonal, say 1234. For each
v,w € G — {3}, dg_g33(v) + dg_gs3(w) > n, so, by a result of Ore, v and w
are hamiltonian-connected in G — {3}, or otherwise said, there is a hamiltonian
cycle in G in which 3 is adjacent to 2 and 4. Let the vertices of the cycle be:
47 3,2,u1,...,0s =&, ]-;Us+1 =Y,Us4+2,-.-,Un—4.

Subcase a: 1 is adjacent to 2 or 4 on the cycle. Without loss of generality,
assume it is adjacent to 2. If we show that 2 and 4 are hamiltonian connected
in G — {1,3}, by Lemma 2, we are done.

Let the vertices of the cycle be 4,3,2,1,v1,v3, ..., v, _4 in this order. Assume
2 and v; are nonadjacent, otherwise 2v; ... v, 44 is the desired path. Let k be
the number of neighbors of 2 among v,,...,v,_4; then k£ > n/2 — 2, otherwise

d(2) < n/2. Now if 2 is adjacent to v;, j € {2,...,n—4} and v; is adjacent to
vj41 (vn—3 = 4) we are again done since 2v;v;_1 ...v1Vj41 - . -4 is a hamiltonian
path between 2 and 4 in G — {1,3}. Therefore, we may assume that if 2 is
adjacent to vj, vy is not adjacent to vj1i1. Then v; is going to have at most
n—5—k<n—-5-—n/2+2=mn/2— 3 neighbors among vs,...,v,_4,4 and
dg(v1) < n/2—3+ 3 =mn/2, a contradiction.

Subcase b: Neither 2, nor 4, are neighbors of 1 on the cycle. Let the vertices
of the cycle be, in this order 4,3,2,v1,...,vs = x, 1,y = Vg41,...,0p—4a,4. If &
and y are adjacent, 2v; . ..ZYvs42 .. .4 is the desired path. Assume z and y are
nonadjacent. Let k be the number of neighbors of  among vsys,...,v,_4,4 and
[ be the number of neighbors of  among 2,v;,...,vs_1. Then dg(z) > n/2+1
implies k+1>n/2 — 1.

If « is adjacent to vj, j € {s+2,...,n — 4}, vj;1 (vp—3 = 4) is “in-
terdicted” for y, in the sense that if v;y; were adjacent with y, the path
201 ... Vs—1TVVj—1 ... YVj41 -. .4 would be a hamiltonian path between 2 and
4. Therefore, among the vertices vsya,...,v,—4,4, there are k — 1 or k vertices
“interdicted” for y (depending on whether z is adjacent with 4 or not).

If z is adjacent to v;, j € {0,...,5—2} (vo = 2), then v, is “interdicted” for
y; namely, if y were adjacent to vjy1, then 2v; ... v;TVs_1 .. . Vj41YVsq2 ... Up_s4d
is & hamiltonian path between 2 and 4 in G — {1, 3}. Therefore there are [ —1
“interdicted” vertices for y among vy,...,vs_ 1.

Now y is adjacent to 1, may be adjacent to 2 and 3, and is not adjacent
to x; among the remaining vertices, y may be adjacent only to noninterdicted
vertices. We get that

da(y) <3+ (s—1-(1-1)+n—-4-s—(k—-1)) =

n—Il—-k<n-(n/2-1)=n/2+1.



From the hypothesis, dg(y) > n/2+ 1, so equality must hold. This implies that
y is adjacent to 2 and 3, while z is adjacent to 4. Because the configuration is
symmetric in # and y, by using similar arguments, we also get that « is adjacent
to 3.

In the case that G has only 6 vertices, 1,2,3,4, x,y, because the degree of
each vertex is at least 4, and = and y are nonadjacent, x must be adjacent to 2
and y to 4. The resulting graph is cyclable by Corollary 1. (Since 2 and 3 have x,
1 and y as common neighbors; any two of the latter are hamiltonian-connected
in G —{2,3}.)

Assume G has at least 8 vertices. Let v; = § and v,,_4 = a. We again
consider two subcases:

Subcase a’: x is not adjacent to 2 and y is not adjacent to 4 on the ini-
tial cycle. If we look at the paths 4dvsvs 1...vov1 and 2044 1Vs42 ... Vyg, WE
notice that they play the roles that the paths 4v,_4...vs41 and 2viv9 ... v,
respectively, played in the previous proof (v, plays the role of y and v,—4 the
role of z). Again following arguments about “interdicted ” vertices, we get that
both v; and v,,_4 must be adjacent to 1 and 3 (assuming that 2 and 4 are not
hamiltonian-connected in G — {1, 3}).

In the resulting configuration 1 and 2 have as common neighbors the vertices
labeled 3, 3 and y. We will show that any two of the later are hamiltonian-
connected in G — {1,2}, so D is pushable to a hamiltonian orientation, by
Corollary 1. Indeed, 3vivs ... vs40p_4a...Vsy2y, Bva ... 034054 ... U542y and
Bz ... vsdvp_g ... 0s12y3 are the desired hamiltonian paths in G — {1, 2}.

Subcase b’: Either z is adjacent to 2 or y is adjacent to 4 on the initial
cycle. Assume the former takes place. Denote by w; ...wy,_g the path in the
initial cycle between y and 4. Again we can apply Corollary 1: z, 1 and y are
adjacent to 2 and 3; in G — {2,3}, 4zlyw; ... w,_¢ is a hamiltonian cycle, so
z and 1, y and 1 are hamiltonian-connected. Moreover, yw; ...w,_¢4lz is a
hamiltonian path between x and y in G — {2, 3}.

Case 2: Every 4-cycle with a diagonal in G is bad under D. Then any two
adjacent vertices, v and w, have exactly two common neighbors. Indeed, if they
had more than two, there would be a good 4-cycle, by Lemma 1; if they had
less than two, one of them would have degree less than n/2 + 1. Moreover, any
vertex in G — {v,w} is adjacent to at least one of v and w and G is n/2 + 1
regular. Let z and y be adjacent vertices and a and b their common neighbors.
We have two subcases:

Subcase a: « and b are not adjacent; then x and a have only one other
common neighbor besides y; call it ¢. Then y is not adjacent to ¢ (otherwise, x
and y would have at least three common neighbors). Also, a and y have exactly
one other neighbor beside x. Call it d; then  and d are nonadjacent. If G had
another vertex v beside a, b, ¢, d, x, y, then v would necessarily be adjacent
to two of a, z, y. These two neighbors of v will have at least three common
neighbors in G, contradiction. So G is a graph on 6 vertices; because dg(b) > 4



and b is not adjacent to a, it must be adjacent to ¢ and d. We easily get that G
is K222, the complete tripartite graph on 6 vertices, which can be checked by
hand that is not cyclable.

Subcase b: ¢ and b are adjacent. So G contains K. If G had a fifth vertex
w, w must be adjacent to two of a, b, x and y, by the argument given at the
end of Case 2 above. These two neighbors of w would have three neighbors in
G, contradiction.

With this, the proof is complete.

When n = 4t + 2, the bound n/2 + 1 in Theorem 2 is sharp. Indeed, for
n = 4t + 2, any graph H such that K2t+1 + K2t+1 g H g K2t+1 + K2t+1,
(where G; + G is obtained by joining each vertex of G; with each vertex of
G,) is not cyclable. Let the vertices of H be wy, ..., wa41,v1,...,V2t+1, where
wi,..., W21 are independent, v;w; is an edge for all ¢ and all 7, and v;v; may
or may not be an edge for all ¢ and all j.

We will prove that any hamiltonian cycle in H is also a hamiltonian cy-
cle in the complete bipartite graph with partite classes {v1,...,v241} and
{w1,...,w2q1}. Indeed, if we denote by v;, and v; the neighbors of ws on
the hamiltonian cycle, the set V' = {v;,, ..., iy, 41, 0;,,---,0j,, . } contains only
elements from {vy,...,v2t11}, since wy, ..., w41 are independent and each v;
appears in V' at most twice. This implies that each v; appears in V exactly

twice, or, otherwise said, no edge v;v; lies on the hamiltonian cycle.

Because of the above fact and because K., is cyclable if and only if r is even
(Klostermeyer and Soltes, [1]), we get that H can not be cyclable.

It would be of interest to find a family of graphs with minimal degree n/2,n =
4t, that are not cyclable, or even more, to characterize all graphs with minimal
degree n/2 that are not cyclable.

Theorem 2 and known results on hamiltonicity prompt us to make the fol-
lowing conjecture.

Conjecture 1 a) Any graph with n vertices such that the sum of the degrees
of any two nonadjacent vertices is greater or equal to n + 2 is cyclable (except
perhaps for some particular cases).

b) If dy < ... < d, is the degree sequence of a graph with n vertices and dy—y < k
together with 2 < k < n/2, implies d,_, > n—k+ 2, then the graph is cyclable.
(except perhaps for some particular cases).

3.2 Results for Powers of Graphs

Theorem 3 The square of any 3-connected graph is cyclable.

Proof. We will use the following theorem due to Tutte [2], which describes
how every 3-connected graph can be obtained from a wheel.



Theorem 4 A graph is 3-connected if and only if it is a wheel or can be obtained
from a wheel by repeated applications of the following two operations.

1. The addition of an edge.

2. The replacement of a vertex x of degree greater or equal to 4 by two adjacent
vertices x', 2" and joining every neighbor of x to exactly one of x',z" in such a
way that both ' and x'" will have degree greater or equal to 3. (This operation
is called a splitting of the vertez x.)

Let G be a 3-connected graph obtained by the above procedure and let vy
and vy be the vertices obtained after the last splitting. (If there was no splitting,
then G is a wheel, and its square is a complete graph, which is cyclable) Let
Z1,--.,Z) be the neighbors of v; and y1, . . ., y; the neighbors of vy, with k,1 > 2.

Let H be the 3-connected graph from which G was obtained and let v be
the vertex of H which was split to produce v, and vy. Then H — {v}, which is
the same as G — {v1,v2}, is 2-connected, so its square is hamiltonian-connected.
In particular, any two of x1, x5 and y; are hamiltonian-connected in the square
of G — {vy,va}. Also, in the square of G, v; and ve have as common neighbors
x1,x2 and y;. By applying Corollary 1, we get that the square of G is cyclable.

This completes the proof of Theorem 3.

Theorem 5 The cube of a connected graph that has a vertex of degree greater
or equal to 3, is cyclable.

Proof. Without loss of generality, we assume that the graph is minimally
connected (it is a tree), and has an even number of vertices. Let a be a vertex
of degree greater than two and let 3 and 1 be two arbitrarily chosen neighbors
of a. We may assume that 3 has another neighbor labeled 2.

In the cube of G, we look at the cycle a321. We are going to show that
there is a path av; ...v,2, such that G — {v1,...,vs,a,1,2,3} are the vertices
of a path between 1 and 3. If we delete the edge a3 from G, we get two trees:
Ty, which contains 3, and 7%.

Let t1,...,tp,2 = tp41 be the neighbors of 3 in Ty. Let #7,...,¢,,t, .1 be
neighbors of #1,...,t,,t,41, respectively (if they exist). Let T7,...,T,,T;,, be
the trees obtained from T by deleting, respectively, the edges 3t1, ..., 3tp, 3tp41.
(T; contains t;.) Then, for all i, the cube of T; contains a hamiltonian path P;

between ¢; and t;. The desired path between a and 2 in the cube of G is:
aty Pityty Paty .. .1, Pptpty,  Ppyitpia,

where tp4+1 = 2. (Notice that if some ¢; do not exist, we still get the desired
path.)

Now we are going to construct a path with the property mentioned at the
beginning between 1 and 3. Let a1, ..., a, be all the neighbors of a besides 1 and
3. Let Ry,..., R, be the trees obtained from G by deleting, respectively, the
edges aa1,...,aa, (R; contains a;). Let af,...,al. be neighbors of a,...,a, in



Ry, ..., R,, respectively (if they exist). Then, for all j, the cube of R; contains
a hamiltonian path between a; and a;-; call it g;. First, we will construct in the
cube of GG a path between 3 and a,; the path is

! ! !
3a1q1a105G20a3 . . . Q.G Qy.

Let T3 be the tree that contains 1, obtained from G after deleting the edge
al. Let by,...,bs be the neighbors of 1 in 75. Let Ei,...,Es be the trees
obtained from T3 by deleting, respectively, the edges 1b1,...,1b, (E; contains
b;j). Let b,...,b. be neighbors of b1,...,bs in En,..., Es, respectively. For all
j=1,...,5—1, the cube of E; contains a hamiltonian path, call it m;, between
bj and b}. The cube of E,[J{1bs} also contains a hamiltonian path between b,
and 1; call it my.

In the cube of G, if we join the path
arblmlblleTIlQbé e bsmsl

to the path previously obtained between 3 and a,, we get the desired path
between 3 and 1.

Assuming that we have an orientation D of G that is not pushable to a
hamiltonian one, we get that the 4-cycle a123 is good or bad, depending on the
parity of |T1|. Analogously, by picking another neighbor of a, say 1', we get that
the cycle al1'23 is good or bad under D and because the path between a and
2 is the same in both cases, we get that the 4-cycles al’23 and @123 are both
either bad, or good. This implies, by Lemma 1, that the 4-cycle a121’ is good.

The next step of the proof is to show that in the cube of G there is a path
aw ...wq2, such that the vertices of G — {a,1,2,1',w,...,ws} form a path
between 1 and 1’ (1’ = a;). We take the path between a and 2 to be the
same as the one we constructed at the beginning. In the cube of Ry, there is a
hamiltonian path between 1’ and a}; call it g. The path between 1 and 1’ is

10y maby ... bimsbs3asgaas . . . alLqraraigl’.

Assuming that D is not pushable to a hamiltonian orientation, we get that
the length of the path between a and 2 must be even. This implies that |T}] is
odd. Since 3 is a randomly picked neighbor of a, we get that all the subtrees of
G obtained after removing a and all its incident edges, have an odd number of
vertices. Since |G| is even, there must be an odd number of such subtrees.

The last step of the proof is to show that we can find in the cube of G a
path 1z ... z;1" of odd length such that the vertices of G —{a,2,1,1',21,..., 2, }
form a path between a and 2. This will imply, by Lemma 2, that D is pushable
to a hamiltonian orientation, a contradiction.

Indeed, the path 1'bymqb|bamabl ... bsms1 has odd length. To construct the
path between a and 2, we introduce more notation. In Ry, let a} = c¢1,¢2,...,¢
be all the neighbors of 1'. Let ¢,c),...,c; be neighbors, if they exist, of



c1,-..,cl, respectively. Let Sp,...,S; be the trees obtained from R; by delet-
ing, respectively, the edges 1'ci,...,1'¢;. For all j, the cube of S; contains a
hamiltonian path between c¢; and c/; call it 0;. The path between a and 2 is

! ! ! ! ! !
GCL01C] . . .ClOICIA2G20s . . . GrQra, 3t Pty . .. tp+1Pp+1tp+1>

where tp1 = 2.
With this, the proof is complete.

4 Conclusions

We conclude the paper with a conjecture and a problem that could generalize
the concept of a cyclable graph.

Conjecture 2 The square of any two connected graph that is not an even cycle,
s cyclable.

Open Problem: Suppose we have a graph G with n vertices and p is an integer
greater or equal to 2. We label the edges of G' with elements from Z,,. We define
a push at a vertex of GG to be a replacement of the labels of all edges incident
to that vertex, such that if an edge is labeled with k, after the push it will be
labeled with p — 1 — k. G is said to be p-cyclable if for each labeling we can
push a set of vertices such that the resulting labeling contains a hamiltonian
cycle with the sum of the labels divisible by p. Is it true that for any p, there
is an integer np, such that any graph with n > n, vertices and minimal degree
n/2 + f(p), where f is a suitable chosen function, is p-cyclable?
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